Free-surface hydrodynamics of a submerged elongated (prolate) spheroid in water of finite depth is considered by employing spheroidal harmonics and the method of multipole expansions. In particular, we present semi-analytic solutions for both the wave making resistance and wave diffraction fundamental problems. Although these two cases are generally treated separately, it is demonstrated here that by using the present general methodology, the analytic procedures of these two problems are quite similar and thus the corresponding solutions can be obtained by using almost a single effort. The motion of the prolate spheroid is rectilinear and steady in a direction parallel to the undisturbed free surface and rigid planar bottom. The ambient wave field is assumed to be monochromatic with an arbitrary inclination angle with respect to the body's major axis. The Green's function based solution, employs Havelock's formula for the ultimate image singularity system which avoids redundant surface integrations and solving integral equations. Numerical simulations of the linearized Kelvin-Neumann problem for the hydrodynamic forces and moments exerted on the moving spheroid for different depths of submergence and flow parameters are presented and compared against the existing data, given mainly for spherical shapes. The present method is claimed to be simpler to implement and more versatile, yet more accurate with respect to existing codes. Aside from free surface hydrodynamics, it can be also extended to other harmonic practical problems involving interacting ellipsoidal geometries in confined domain.
Introduction
The purpose of the present study is to provide a general framework for analytically solving freesurface hydrodynamic problems involving prolate spheroidal vessels in ocean of finite depth (rigid plane bottom). Particular attention is paid to the two central problems of wave diffraction by a monochromatic incident wave field (arbitrary angle of incident) and wave resistance of spheroids moving rectilinearly at fixed submergence below the undisturbed free surface. The newly proposed semi-analytic linearized solution is based on using the ultimate image singularity system consisting of multipole expansions in terms of external spheroidal harmonics which are distributed along the major axis of the spheroid between its two foci. Using the proposed approach avoids solving an integral equation over the body's wetted surface.
The current work complements the considerable effort on the subject undertaken by several outstanding researchers. First it was Havelock (1), who tackled the wave resistance problem of a submerged prolate spheroid, without however fully satisfying the body Neumann boundary condition. In his integral formulation for the velocity potential, Havelock used the Green's function for a submerged point source in deep water but combined it with a prescribed source distribution over the body surface corresponding to the unbounded case. Thus, as expected, his approximation seems to get worse, as shown below, if the spheroid is situated close to the free surface (small submergence) or close to the rigid even bottom (small clearance). Havelock's method was later also extended to tri-axial ellipsoids (2) , but his contribution in this case was only limited to the formulation stage as he did not provide any numerical computations. Further, Havelock (3) extended his efforts concerning translating prolate spheroidal shapes, to the coupled problem of a solid moving rectilinearly under a monochromatic incident wave field, by again using the same approximations, namely that the body is away from both the free surface and ocean floor. Apart from the listed simplifications, all these studies assumed explicitly the case of infinite water depth.
Havelock's (1) results were accordingly improved by Farell (4) , who provided a semi-analytic solution for the traditional Kelvin-Neumann wave resistance problem by submerged prolate spheroids that correctly accounted for the linearized boundary conditions on the free surface, again by assuming an infinite water depth. Farell based his formulation on the numerical solution of a Fredholm integral equation of the second type, involving a source/sink distribution over the surface of the spheroid. Farell reported on significant differences between his numerical simulations of wave resistance and those found by using Havelock's (1) approximation. Farell's (4) results were subsequently used as a benchmark by Doctors and Beck (5) to validate their NeumannKelvin numerical code, which was based again on solving an integral equation for the source distribution over the body surface. Doctors and Beck's results favorably agree with those of Farell for moderate to large Froude numbers; however, they show large deviations at low Froude numbers.
Farell's (4) method was accordingly employed later on by Wu and Eatock Taylor (6, 7), who considered both the wave diffraction (6, 7) and the radiation (7) problems of prolate spheroids using the Green's function for infinite water depth, which is provided for example in Wehausen and Laitone (8) . The same authors (9) have also treated the relevant hydrodynamic problems of a submerged body below a free surface, namely diffraction, radiation, wave resistance, as well as the coupled motion problem in the presence of regular surface waves. However, numerical results were presented only for perfectly isotropic geometry, that is a sphere, as well as for water of infinite depth.
The majority of the reported studies on the hydrodynamics of submerged bodies in finite water depths (bounded by a rigid bottom) indeed focus, nearly explicitly, on spherical geometries. Relevant examples are the works of Linton (10), Wu et al. (11) and Rahman (12) . Linton (10) investigated cases of wave diffraction and radiation, Wu et al. (11) evaluated the hydrodynamic loads including the drift forces, while Rahman (12) , apart from the linear exciting forces, provided also calculations for the wave elevation above a stationary submerged sphere affected by monochromatic incident waves. The common feature of these studies is that they all rely on employing Thorne's (13) multipole potentials to expand the diffraction potential into series of spherical harmonics. Finally, Wu (14) have extended his results, by investigating the combined diffraction, radiation and wave resistance problems of a fully submerged sphere in finite water. As far as considering the effect of blockage due to the presence of side walls (straight infinitely deep channel), we also refer to Wu's (15) semi-analytic (linearized) solution for the wave radiation and diffraction problems of a submerged sphere in a long channel of constant width, including a discussion on the occurrence of trapped modes.
What is apparently missing in the literature so far, are corresponding analytic methods and numerical simulations for the more realistic hydrodynamic case concerning fully submerged elongated spheroidal-like seagoing vehicles moving in finite or shallow water. The existing studies on spheroids, that is (4-7), including the more recent contributions (16, 17) , focus explicitly on infinite water depths. To the authors' best knowledge the only work on submerged spheroids in confined water, is the one reported by Kinoshita and Inui (18) . This study, which appeared in a rather remote journal, considered only the wave resistance calculated by means of the traditional P and Q functions first suggested by Havelock (19) . It should be finally noted, that this method (similar to Havelock's), cannot be considered as 'exact' as it virtually ignores the proximity of both free surface and rigid bottom.
In the present study, we simultaneously tackle two hydrodynamic problems; the wave diffraction and wave resistance of elongated spheroidal shapes moving rectilinearly at fixed submergence below a free surface in a confined sea of any depth with one single effort. The global representation of the mathematical formulation is achieved by taking the Fourier transform of the fundamental Green's function and employing the generic form of the free-surface boundary condition that accounts for the uniform stream as well as for the wave action. Our semi-analytic approach is based on using the method of ultimate image singularities of external spheroidal harmonics aiming to transform the governing finite water Green's function into series of multipoles in spheroidal coordinates. The corresponding Kelvin-Neumann boundary value problems are treated in their complete form, without making any assumption regarding the free-surface and rigid bottom boundary conditions (apart from linearization). The wave diffraction and wave resistance problems are treated separately. Thus, our solution is valid for any immersion depth and clearance from the plane bottom. To complement the theoretical framework, we also provide a set of extensive numerical simulations of the exciting hydrodynamic forces and moments exerted on the body, as well as the wave resistance force, for variable immersions and water depths. The outlined method, the mathematical formulation and eventually the numerical solution schemes, have been all validated extensively against existing data.
The structure of the article is as follows: in section 2, we present a unified expression for the Green's function for water of finite depth over a rigid even bottom and in section 3 we apply it for the case of oblique wave diffraction of a monochromatic wave train past a submerged prolate spheroid. Closed-form expressions for the resulting hydrodynamic loads (forces and moments) are derived and several numerical simulations for a large range of kinematic and geometric parameters are also presented. The wave resistance problem by a steadily translating spheroidal vessel is treated next, along the same lines in section 4 and typical curves depicting the variation of the wave drag with a depth-based Froude number are presented. Relevant details of the numerical code are provided including discussions of accuracy and convergence. Also given are comparisons with some available data on spheres in finite water and spheroids in deep water. We conclude in section 5 with a discussion of the newly proposed method and the numerical simulations conducted for confined water, including cases of asymptotically small free-surface submergence and bottom clearance. The analysis and numerical simulations presented in the sequel are useful for maneuvering studies of elongated controlled submerged bodies in littoral or restricted water.
The Green's function
The detailed derivation of the Green's functions for each of the concerned hydrodynamic problems can be found in Wehausen and Laitone (8) . The relevant procedure for obtaining the combined expression is briefly outlined here for the benefit of the reader. We start our analysis with the general case of a moving prolate spheroid which is immersed at a distance f bellow the undisturbed free surface of a liquid field with finite depth h. The spheroid (Fig. 1) is moving along its longitudinal xaxis of symmetry with a steady velocity U and it is subjected to the action of a monochromatic incident wave field that propagates at angle β with respect to x. The harmonic incident wave train has encounter frequency ω and linear amplitude A. The z-axis of the left-handed Cartesian coordinate (x, y, z) system, which is fixed on the undisturbed free surface, is pointing in the gravity direction.
Under the above assumptions, the Green's function (expressed in Cartesian coordinates), of the concerned hydrodynamic problem and for finite water depth can be generally written as The kernel Q * (k, a, h) in (2.1) is next found by satisfying the Laplace equation
in the entire fluid domain z > 0 and the following linearized free-surface boundary condition on z = 0,
where g is the gravitational acceleration. It is also noted that the impervious bottom boundary condition ∂G ∂z = 0, on z = h is automatically satisfied by (2.1). After taking the (x, y) Fourier transform of the first two terms on the right-hand side of (2.1) and employing (2.3), one readily gets
where
The formulation of the Green function in (2.1) is completed by interpreting the k undetermined integral as a principal value (PV ) and by satisfying the radiation condition of outgoing waves at infinity [see (8) ], as discussed below.
For 1/ν = 0, the above kernel corresponds to the classical wave diffraction problem, whereas for K = 0, it reduces to the form corresponding to the common wave resistance problem. The above two cases can be compared against the well-known correlative Green's functions expressions, given for example in Wehausen and Laitone (8) [in particular see (13.18 ) and (13.37)]. It is important to note however that the particular form (2.4), which explicitly combines these two independent cases, is not given in (8).
The wave diffraction problem

The Green's function for 'pure' diffraction
It is evident that for the case of 'pure' diffraction namely U = 1/ν = 0 the encounter frequency coincides with the incident wave frequency and the same holds for the wave number K. Also, the kernel Q * (k, a, h) given by (2.4), is actually independent on a and accordingly in the following it will be expressed as Q * (k, h). This can also be used for the case of infinite water depth provided that we will take the limit of h → ∞.
In order to satisfy the far-field radiation condition of outgoing waves, the complex integral in (2.1) is interpreted as a Cauchy principal value with a plus sign in front of the residue contribution resulting from a semicircle contour integration around the pole [see for example (8) 
whereas Q * (k, h) is defined below as
and
In (3.3) k 0 denotes the root of the well-known dispersion relation
and the PV acronym in (3.1) designates the Cauchy principal value integral.
Multipole expansions in curvilinear coordinates
The Green's function given by (3.1) can be effectively transformed into spheroidal coordinates. Hence, the nonaxisymmetric prolate spheroidal coordinate system (u, ϑ, ψ), 0 ≤ u < ∞, 0 ≤ ϑ ≤ π and 0 ≤ ψ < 2π is introduced and it is assumed to be fixed on the center of the body. We also chose to reverse the orientation of the z-axis so as to point upward (i.e., replacing z by −z) and we define the Cartesian coordinate system (x, y, z * ) that is fixed on the center of the spheroid such that z = z * − f (see Fig. 1 ). The transformation between the prolate spheroidal coordinate system and the Cartesian one is x = c cosh u cos ϑ, y = c sinh u sin ϑ sin ψ and z * = c sinh u sin ϑ cos ψ. Using the notation originally introduced by Nicholson (20) , the above are written alternatively according to x = ζ μ and z * + iy = (ζ 2 − 1) 1/2 (1 − μ 2 ) 1/2 e iψ where ζ = cosh u and μ = cos ϑ. We employ throughout the article dimensionless representations where lengths are normalized with respect to the half distance between the foci c = a 2 − b 2 = ae, where e denotes the eccentricity and normalize all lengths with respect to c (equivalent to letting c = 1). In order to express the Green's function (3.1) as a series of multipoles, we make use of Miloh's (21) integral expression for the ultimate image singularities of external spheroidal harmonics. In particular, we employ the following fundamental relation that expresses any exterior spheroidal harmonic in terms of prescribed singularities distributed on the major axis of the spheroid between its two foci
(3.5)
Here P m n and Q m n denote the n-th degree and m-th order associate Legendre functions of the first and the second kind, respectively. The validity of the general relation (3.5), was shown by Miloh (21) some years after it was first suggested (without proof) by Havelock (22) .
Hence, by applying the integro-differential operator (3.5) to the original Cartesian Green's function G(x, y, z) in (3.1) (again reversing the orientation of z), one gets the following expression for the auxiliary curvilinear Green's function G m n (x, y, z), which satisfies both the linearized free-surface and rigid bottom boundary conditions.
Note that in the integrands of (3.
To assist the analysis that follows, the integrals in (3.6) are designated as I 1 , I 2 and I 3 in sequential order. Thus the first integral becomes
Next it can be shown that the last integral in (3.7) admits an analytic form
The convenient formula (3.8) is determined by elaborating a relevant relation presented in Gradshteyn and Ryzhik (23) (7.321, p. 797), which reads
and is valid for ν>−1/2 while n is an integer. Also, C ν n (λ) denotes the Gegenbauer polynomial, given by
for −1 < λ < 1. Note that J ν+n in (3.9) denotes the Bessel function of the first kind with fractional order ν + n. In a similar manner, the exponential term in (3.7) can be expanded according to Havelock 
14)
and ε 0 = 1, ε t = 2 for t = 1, 2, . . .. Hence, after substituting (3.8) and (3.11) into (3.7) and performing several mathematical manipulations including the reduction of the integration range over a from [−π, π] to [0, π/2], the integral I 1 finally admits the following compact form:
where 
. It is possible of course to determine R mt ns (and accordinglyR mt ns ) by a direct numerical integration. Nevertheless, we have chosen to proceed further analytically in order to reduce the numerical effort. To this end, we employ the following expansion that can be found in Watson (24)
, (3.18) where denotes the Gamma function. Also, observing that 
It is also reminded thatR mt ns are obtained from (3.20) after replacing N m (a)N t (a) byÑ m (a)Ñ t (a). However, it should be noted that the above formula is convergent only if h − f > 1/4. Hence, for h − f < 1/4, the coefficients R mt ns andR mt ns should be obtained directly from (3.17) through direct evaluation of the involved integrals. This task was performed by employing the Gauss-Legendre quadrature formula.
Repeating the same procedure, it can be shown that the third and fourth terms on the right-hand side of (3.6) (integrals I 2 and I 3 , respectively), can be expanded into series of multipoles according to where Thus, the auxiliary Green's function G m n is conveniently expanded in spheroidal coordinates for the analysis in the sequel.
The incident wave and diffraction potentials
For surface waves propagating in a fluid domain of finite (constant) depth, the wave number k 0 is given by the solution of the dispersion (3.4) . Accordingly, the incident wave potential of a monochromatic wave train of frequency ω and amplitude A propagating at angle β with respect to the horizontal x-axis, is expressed as
Using a formula similar to (3.11), the above incident wave potential can be expanded into a series of multipoles as
Next, we express the diffraction potential in terms of the Green's function as
where F m n are unknown expansion coefficients to be determined from employing the Neumann body boundary condition, which in spheroidal coordinates reads
Substituting (3.28) and (3.31) into (3.32) and making use of the orthogonality relations of both the trigonometric and the associated Legendre functions of the first kind (25) , one gets the following Here the upper dots denote differentiation with respect to the argument. Apparently, we have distinguished between the expansion coefficients obtained by applying the cosine and sine orthogonality relations. The employment of the appropriate coefficients depends on the particular loading component considered, as demonstrated below.
Hydrodynamic exciting forces and moments
Having calculated the incident and the diffraction potentials, the exciting hydrodynamic loading (forces and moments) exerted on the body will be obtained by integrating the pressure over the wetted surface of the spheroid, namely
where ρ denotes the water density. The unit vector n directed into the fluid is given in spheroidal coordinates by
while the differential surface area of the spheroid is expressed as
The final explicit relations that determine (sequentially) the surge, sway and heave exciting forces (normalized by ρgAa 2 ), as well as the pitch and yaw exciting moments (normalized by ρgAa 2 b), are given below as
40)
Note that for deriving the rather simple formulae of (3.39)-(3.43) we employed (3.33)-(3.34) and made use of the following Wronskian relation (26) [see (7), p. 142].
Note that since in our case c = 1, one gets ζ 2 0 − 1 = b 2 . This completes the hydrodynamic formulation for the 'pure' wave diffraction problem of stationary spheroidal bodies.
Numerical results on hydrodynamic loading
The outlined method has been validated against existing computations reported by other authors in the past. However, the only available data which were found in the literature regarding the diffraction problem of submerged axisymmetric bodies in variable water depth refer explicitly to spheres (10-12). The present method can be effectively employed for spheres by letting the ratio a/b approaching unity. Figs. 2 and 3 show the surge and heave exciting forces (normalized by 4/3πρga 3 KA) exerted on a prolate spheroid approximating a sphere by letting a/b = 1.0001. The immersion depth of the body centroid below the free surface was assumed equal to f = 1.25a where a herein denotes the radius of the sphere. The specific case study was taken from the work of Wu et al. (11) . The depicted curves relate exactly to the same water depths assumed in (11) . We have examined one additional water depth [not included in (11) ] that corresponds to the case of a sphere 'touching' the horizontal bottom (h = 2.25a). The depicted comparisons with Wu et al. (11) independent computations [ Fig. 2(a) and (b) in (11) ] are unquestionably favorable which in turn demonstrates the efficacy of our general method for spheroids. Out of the various water depths examined in Figs. 2 and 3 , h = 40a virtually coincides with the infinite water case, whereas it is immediately apparent that water depth has practically no effect on the exciting forces and moments for large wave frequencies (short waves).
The variation of the hydrodynamic loading of a prolate spheroid in water of variable depth is next examined with the aid of Figs. 4-9. Here we provide results only for head seas, namely β = 0 o . It should be mentioned, however, that the outlined methodology can be effectively employed for oblique waves with arbitrary heading angle ranging from 0 o to 180 o . The exciting wave forces and moments have been normalized by 4/3π ab 2 ρgAK exp(−Kf ) and 4/3πab 3 ρgAK exp(−Kf ), respectively. The case study was taken from the work of Wu and Eatock Taylor (6) who provided calculations of the exciting forces and moments acting on a prolate spheroid at a fixed submergence depth. However, the formulation of Wu and Eatock Taylor (6) accounted only for the case of infinitely deep water (that is h → ∞). This particular case was purposely selected in order to validate our method against exiting data. In the same time, we use this specific configuration to investigate the effect of water depth on the hydrodynamic loading exerted on (nonaxisymmetric) prolate spheroids.
The infinite water depth case in Figs 4-9 is literally represented through the curves corresponding to h = 200b, where b denotes the body's semiminor axis. The assumed immersion of the spheroid and the wave heading angle, are exactly the same as those suggested in (6, 7) , that is f = 2b, and β = 0 • . Here, we provide separately the real and imaginary parts of the pressure loads ('in phase' and 'out of phase') components to show the favorable agreement between the present method and the deep water data reported in (6, 7). In particular, by letting h = 200b we have a perfect coincidence for all the examined wave frequencies up to the fourth significant digit for the real and imaginary components. The reference data for the surge and heave forces, which are used for comparisons, were taken from the tabulated results of (6) . For the pitch moment, the reference data were extracted manually from reference (7) . Regarding the truncation of the linear systems (3.33-34), it is noted that the results are convergent up to the fourth significant digit using degree n = 8. Also, it appears that the water depth does not affect considerably the degree needed for obtaining same rate of convergence.
The main conclusions that could be drawn according to the depicted calculations are summarized succinctly in the following: (i) very small (shallow) water depths have a significant impact on the hydrodynamic loading. Here, 'very shallow' water corresponds to h = 5b and h = 4b. (ii) The magnitudes of the heave forces are decreased for decreasing water depths, whereas the surge force is indefinitely increased for very small wave frequencies. (iii) The magnitude of the pitch exciting moment increases slightly at the low wave frequency range for decreasing water depths, while the opposite condition occurs in the middle of the investigated range and moderate frequencies. (iv) The pitch moment tends to attain a nonzero constant value when Ka → 0. (v) In all cases examined, it appears that the shallow water effect is vanishing for increasing wave frequencies (decreasing wave length). Ka |Fz| h=40a h=11a h=5a h=3a h=2.5a h=2.25a h=20a (Wu et al., 1994) h=11a (Wu et al., 1994) h=5a (Wu et al., 1994) h=3a (Wu et al., 1994) h=2.5a (Wu et al., 1994) 
The wave resistance problem
The Green's function and the velocity potentials
The corresponding wave resistance problem is readily recovered from (2.1) and (2.4) by letting K = 0, whereas only the real part of the Green's function must be considered. Again, following Wehausen and Laitone (8) In order to evaluate the residue term, we employed the fact that for the concerned wave resistance problem, the potential is symmetric about a = π/2.
It is also noted that k 0 ≡ k 0 (a, h) represents the solution of the following dispersion equation
Equation (4.2) has always a solution if νh ≥ 1. However for νh < 1, it has a solution only if a > ϑ = arccos √ νh = arccos 1/Fn * , where Fn * = U/ √ gh denotes the Froude number that is based on water depth. That suggests splitting the integral in the last term of (4.1) according to
where ϑ 0 = 0 for νh ≥ 1 and ϑ 0 = arccos √ νh for νh < 1. Further, by virtue of (3.5) and (4.1), we find that 
Our goal is to express the multipole expansions for the Green's function in a form similar to (3.25) .
It is important to note that for the wave resistance problem of a spheroid moving rectilinearly along its longitudinal x-axis, only the cosine terms are needed as the contribution of the sine terms to the wave resistance force vanish due to symmetry. Hence, the potential that describes the disturbance due to the steady velocity of the spheroid in shallow water, is given by
For calculating the multipole expansions G m n (x, y, z) of the Green's function (4.1), we employ again Miloh's (21) theorem expressed mathematically by (3.5). Using a procedure similar to that outlined in section 3 and keeping only the cosine terms, it can be shown that G m n (x, y, z) can be written as 
with 
for n + m + s + t odd. We note also the symmetry of the coefficients I mt ns with respect to degree and order, that is I mt ns = I tm sn . The unknown expansion coefficients in (4.7) can be now obtained by applying the body boundary condition and using the ambient potential, that is that corresponding to a uniform stream 12) to be applied on ζ = ζ 0 = cosh u 0 . Finally, substituting (4.6) and (4.11) into the above, the unknown coefficients can be readily found from inverting the following linear system:
. The above linear system is essentially the same as that derived by Farell (4) (who considered the wave resistance problem of spheroids only in infinite water depth), with the minor exception that Farell's expansion coefficients include the factor (n + m)!/(n − m)!.
The wave resistance force at forward speed
The wave resistance of a steadily moving prolate spheroid with constant velocity U and water depth h can be calculated by straightforward pressure integration over the wetted surface of the body just as in the diffraction case. This is indeed the approach taken by Wu (14) to calculate the wave resistance of a sphere at constant forward motion. Yet another possibility, which seems to be more efficient, is to employ the Lagally theorem (27) [see also (28) for further extensions], using for example the wave energy flux theory at far downstream. In that case the wave resistance force in the axial x direction, is simply given by
where σ ≡ σ (ζ 0 , μ, ψ) is the source distribution on the surface of the spheroid at ζ = ζ 0 andφ T denotes the regular part of the total potential which is obtained by excluding the singular term. The Lagally expression (4.14) clearly demonstrates the advantage of using a surface source distribution over a direct pressure integration for computing the wave drag. This advantage, however, seems to be less obvious in the case of a prescribed singularity distribution involving higher-order multipoles, although in principle, the Lagally theorem can be extended also to multipoles of any order (28) . With regards to applying (4.14) for the present case, we note thatφ T can be written in a similar manner to (4.6), asφ
Here Q * (k, a, h) and Q * 0 (k 0 , a, h) are given by (4.4) and (4.5) respectively. For the detailed description of the procedure that results in the derivation of the source distribution on the surface of the spheroid, the reader is referred to the classical books of Lamb (26) ( §58) and Hobson (29) (Ch. 10). The following associated relation for the surface source distribution can be also found in Farell (4) and Wu and Eatock Taylor (6)
cos mψ, (4.17) which can be compared against a similar expression provided by Farell (4) where (4.19) and 20) for n + m + s + t even, while
Finally, using (4.15), (4.17-18) and performing analytically the surface integration in (4.14), the wave resistance force for a spheroid at forward motion is given by
Although explicitly given, it should be mentioned that the contribution of the odd terms (4.21) to the wave resistance force is virtually zero. 
Numerical results
The variation of the wave resistance force relatively to the water depth is examined with the aid of Figs 10-14. To validate our numerical simulations, we have first used the wave resistance results which have been reported by Wu (14) and Kinoshita and Inui (18) . It should be noted however that Wu's (14) data are restricted only to spheres, whereas that of Kinoshita and Inui (18) , as far as we understand, are the only reported results related to prolate spheroids in finite water depth. Nevertheless, it must be emphasized that the formulation of (18) is based again on employing Havelock's approximation and for this reason it becomes rather inaccurate when the body moves at small submergence (from free surface) or small clearance (from bottom).
In order to further check our method against that due to Wu (14), we approximated the sphere as a spheroid by choosing a slenderness ratio of a/b = 1.0001 and considering the same immersion depth (f = 2a; a denoting the radius). The normalization and definition of the Froude number were kept the same. The associated wave resistance results are given in Fig. 10 containing curves corresponding to the same water depths assumed by Wu (14) , plus an additional one, that is where the sphere moves along the rigid bottom. The comparisons are indeed very favorable and the present computations explicitly coincide with those reported by Wu (14) . To demonstrate that perfect agreement we have used the same symbols and refer the reader to Wu's (14) (Fig. 2a) . The computations depicted in Fig. 10 have been performed using degree n = 5. It should be noted, however, that our method has some limitations when b → a, since the ζ • argument obtains very large values which is reflected on the values of the associate Legendre functions. Nevertheless, the results depicted in Fig. 10 are convergent when n = 5. In this figure, the case h = 10a literally represents the infinite water depth case. Figure 11 illustrates a different depth of immersion. Here, the sphere nearly touches the free surface (f = 1.01a) and for this rather small immersion depth we had to employ few more modes, increasing up to degree eight (n = 8) so as to achieve the same convergence. To attain reliable predictions we had to reduce a/b down to 1.001 and noting that for such 'snorkeling' mode, letting h = 10b practically provides the results for infinite water depth. Figure 11 includes also the 'extreme' case where the sphere touches both the bottom (h = 2.01a) and the free surface (f = 1.01a). Further results relevant to actual spheroidal vessels with slenderness ratio of a/b = 6, are provided in Figs 12 and 13. Here, we have changed the definition of the Froude number (depth-based) and the normalization, to comply with the assumptions made by Farell (4) from which this specific test case was taken. Our results for h = 50b explicitly coincide with those reported by Farell [see Figs 1 and 2 in (4)], who investigated the wave resistance problem in an infinitely deep ocean. To show explicitly the favorable agreement between our method for literally infinite water depth and the results reported by Farell (4), we also provide in the following Table 1 , data for the wave resistance force using the results listed in Tables 3 and 4 of reference (4) . It is easily seen that the following Table 1 manifests perfect coincidence up to the third significant digit. Regarding the effect of water depth on the wave resistance force, it is noted that for both immersions considered (that is f = 0.3266c and f = 0.252c), the impact of decreasing water depth is the same, namely increasing wave resistance as we advance into shallower water.
The last case (Fig. 14) considered in the present study, concerns a prolate spheroid a/b = 5 immersed at f = 3b. The normalization and the definition of the Froude number (based on water depth) are the same as those assumed in the study of Kinoshita and Inui (18) . This case is used to demonstrate the inaccuracies associated with the 'inexact' solutions based on Havelock's approximation. Indeed, for a moderate fixed submergence (f = 3b) and for relatively deep water (h > 10b), Kinoshita and Inui (18) results are acceptable. However, as shown in the same figure, for shallower water they greatly overestimate the wave resistance force. At even smaller water depths (that is h = 4b; corresponding to the spheroid 'touching' the bottom), the predictions of (18) are extremely large and thus are not depicted in the Fig. 14 . In fact, analogous discrepancies, although to a smaller rate, were also observed by Farell (4) , when comparing his results against those predicted by Havelock's approximate and simplified formula (1) for infinite water depths.
Concluding remarks
An efficient, versatile and accurate semi-analytic method is presented for calculating the wave making resistance and wave diffraction hydrodynamic loads due to an oblique regular wave train over a fully submerged spheroidal vessel moving in water of finite depth. Although we have calculated cases of wave diffraction with arbitrary heading, we reproduce here only cases corresponding to head or following seas. The corresponding Kelvin-Neumann problem is solved exactly by fully satisfying the linearized boundary conditions on the undisturbed free surface and rigid (even) bottom.
The advantage of the newly proposed method is related to using Havelock's spheroid theorem, which avoids the necessity of solving a Fredholm integral equation of the second kind for the unknown source distribution over the wetted surface of the spheroid. Further simplifications are provided by formulating the problem in spheroidal curvilinear coordinates and using expansions in terms of spheroidal harmonics in both exterior and interior (to spheroid) domains.
In the present case, it was assumed that the axisymmetric vessel is moving parallel to the bottom and the undisturbed free surface. However, it should be mentioned that our formulation, employing the ultimate image singularity system of a prolate spheroid, can be also extended for the case of a general maneuvering problem in confined water, where the arbitrary angle between the body and free surface is time-dependent. In order to demonstrate the validity of the new code, we have reproduced some of the existing data and produced for the first time, new and reliable results for the wave resistance of a submerged spheroid moving in finite or shallow water (including limiting cases of 'contact' with bottom and free surface). In addition to its relative simplicity, the present method appears to be quite accurate when compared against the available numerical simulations. Yet another important point to be mentioned, relates to the relatively (compared to other codes) fast convergence rate of the present method. Generally, no more than five modes are needed to achieve convergence to the fourth decimal figure, demonstrating again the superiority of the proposed scheme over numerical codes which are primarily based on surface integration and solving integral equations. Finally, it is remarked that the present closed-form approach can be easily extended also for other related free-surface problems involving fully submerged axisymmetric elongated vessels (including remotely controlled) maneuvering in confined water. Clearly, the current method cannot be implemented for oceangoing vessels of arbitrary shape, but it can certainly be used as a benchmark solution for sophisticated codes and as a 'practical' approximation for axisymmetric seagoing vehicles which can be approximated by an 'equivalent'spheroid (that is same volume and slenderness ratio). A similar harmonic analysis, involving spheroidal or triaxial ellipsoidal shapes embedded in confined domains, can be used in other fields of mathematical physics, such as heat conduction or electrostatics [see for example Dassios (30) ].
